This paper is dedicated in loving memory to V. V. Alexandrov and A. A. Gol'dberg. Abstract. This is the second of two papers devoted to the topic of conformality at a point and related notions in the plane. We derive representation formulas and estimates for the modules of families of curves that are images of circles, radial segments and arcs of spirals under a µ-homeomorphism. We use them to convert the extremal-length type sufficient and necessary conditions for conformality at a point from Part I to analytic sufficient conditions, that depend on directional dilatations and bypass the assumption of K-quaisconformality. Our results extend the Teichmüller-Wittich-Belinskii theorem, results of Reich and Walczak, the author and Jenkins, and Gutlyanskii and Martio.
The main results of this paper are as follows. The above theorems extend several earlier results on conformality and related notions, within the class of K-quasiconformal mappings and to the larger class of µ-homeomorphisms. Section 5 provides a detailed account of the results we have in mind and some examples. Note that Theorem 1.4 gives particularly weak conformality conditions, provided that f is known to preserve a direction in the limit. Later on, in Theorems 4.4-4.6 and Theorem 4.9 we state the above results in equivalent forms that depend explicitly on the complex dilatation.
In the special case when f is a smooth radial stretching, i.e. f (re 
is a sufficient and necessary condition for conformality at a point (see [25, p. 221] ). In the case of K-quasiconformal mappings, by the well-known Teichmüller-WittichBelinskii theorem (Theorem 5.1), (1.6) is a sufficient condition. However it is not necessary. It is impossible to find, in the general case, sufficient and necessary conditions for conformality that depend on the real dilatation alone. To show this, we consider two K-quasiconformal mappings in U , f and g, f (0) = 0, g(0) = 0, such that D f = D g , or equivalently |µ f | = |µ g | in U , and such that f is conformal at 0 and g is not. In Example 1.1, [12] we constructed a radial stretching f (re , 0 < r < 1, and
, it follows that |µ f | = |µ g |. Clearly g is not conformal at the origin. Note that, since f from Example 1.1, [12] is conformal at the origin and (1.4) is not finite for any α, the conditions in Theorem 1.3 and Theorem 1.4 are not necessary for conformality either.
Both sufficient and necessary conditions for µ-homeomorhisms, in terms of modules of families of curves, are obtained in [12] . Some of these results are stated in section 2 and are used to prove our main theorems.
Notions related to the study of conformality at a point are introduced below. We say that a µ-homeomorphism f is circle-like at the point 0 if it maps circles centered at the origin onto "almost" such circles, namely
in other words the circular dilatation (see [25] ), H f (0) = 1. A µ-homeomorphism conformal at 0 is circle-like at 0. The converse is not true, as the example f = z|z| shows.
A µ-homeomorphism f is asymptotically a rotation on circles at the origin if (1.5) holds and if for an appropriate choice of a branch of the argument
This notion was introduced in [9] . A µ-homeomorphism, conformal at 0, is asymptotically a rotation on circles at 0. However, the converse does not hold as the example f (z) = ze
shows. A µ-homeomorphism is weakly conformal if it is circle-like, i.e. (1.7) holds, and if for an appropriate choice of a branch of the argument, f satisfies (1.8). This notion was introduced for K-quasiconformal maps in [18] . Weak conformality is a weaker notion than asymptotical rotation on circles and stronger than circle-like behavior.
Let 0 < r 2 < r 1 < 1, and θ be a real number. Denote by σ f,θ (r 2 , r 1 ) the image under f of the radial segment σ θ (r 2 , r 1 ) = {z : r 2 < |z| < r 1 , arg z = θ}. We define the angular oscillation of σ f,θ (r 2 , r 1 ) at the origin as
In the above definition we choose a single-valued, continuous determination of the argument. ω σ f,θ (r 2 , r 1 ) measures the deviation of σ f,θ (r 2 , r 1 ) from a segment on a line through the origin. ω σ f,θ (r 2 , r 1 ) = 0 if and only if σ f,θ (r 2 , r 1 ) is such a segment.
Let t > 1, and r be such that 0 < tr < 1. We say that a µ-homeomorphism f preserves asymptotically radial segments of fixed aspect ratio t at 0, if (1.7) holds and uniformly in θ,
A µ-homeomorphism conformal at 0 preserves asymptotically radial segments of fixed aspect ratio t at 0. The radial stretching f = z(1−log |z|), 0 < |z| < 1, f (0) = 0, does that without being conformal.
The rest of the paper is structured as follows. In Section 2 we state the sufficient and necessary conditions for conformality at a point from [12] that are applied in this paper. In Section 3 we use directional dilatations to provide representation formulas and estimates for modules of families of curves that are images under a µ-homeomorphism of radial segments, circular arcs and arcs of spirals. In Section 4 we prove Theorems 1.2-1.4 and derive equivalent results, Theorems 4.4-4.6, and Theorem 4.9 that depend explicitly on the complex dilatation. In Section 5 we give an overview of previously known results on conformality and related notions at a point and discuss how we extend them.
Geometric results on conformality
In this section we state the sufficient and necessary conditions for conformality at a point from [12] that are applied in this paper. For a definition of the module of a family of curves and related terminology, see [2, 21] , [12 
: r 2 < r < r 1 , θ 1 < θ < θ 2 } denotes a quadrilateral with a-sides the circular arcs. Its image under f is denoted
) be the modules of the family of curves connecting the a-sides of each quadrilateral, respectively. Here
Let β be a fixed real number. For θ ∈ [θ 1 , θ 1 + 2π) we consider the arcs of logarithmic spirals of inclination β, s 
The above conditions are necessary for conformality at the origin.
Representation formulas and estimates for modules of families of curves and ring domains
In this section we use directional dilatations to provide representation formulas and estimates for modules of families of curves that are images under a µ-homeomorphism of radial segments, circular arcs and arcs of spirals.
Let α be a real number. Let z = re iθ ∈ U be a regular point. Then the directional dilatation (1.2) in direction α can be written as
fz and f θ = ire
Thus we obtain the following equivalent expressions at a regular point z = re
In the literature, D f,θ has been referred to as the radial dilatation, and D f,θ+π/2 as the angular dilatation, and denoted by D −µ and D µ, respectively (see e.g. [18] and [19] ).
In addition, we observe that from (3.2) follows that at the regular point z = re
Let 0 < r 2 < r < r 1 < 1, 0 < r < 1, and
C r (θ 1 , θ 2 ) be the family of circular arcs.
Denote their images by
For θ ∈ [θ 1 , θ 2 ), we denote by σ θ (r 2 , r 1 ) = {z : r 2 < |z| < r 1 , arg z = θ} a radial segment in A(r 2 , r 1 ), and its image by σ f,θ (r 2 , r 1 ) (see Section 1.) Denote
σ θ (r 2 , r 1 ) the family of radial segments and the family of
) are the modules of the corresponding families of curves. Note that
Proof. We only show the validity of (3.5). The proof of (3.6) is done in a similar manner. We use properties of the Lebesgue integral (see [28] ) that hold true due to our regularity assumptions, including that f is locally absolutely continuous and regular a.e. When necessary one should consider that the equalities below hold only a.e. Consider
Thus ρ 0 is an admissible function for the module problem defined by the family of curves
Let ρ 0 be any other admissible function for the module problem defined by the family of curves C f (r 2 , r 1 , θ 1 , θ 2 ). Then
and thus
The Cauchy-Schwarz inequality implies
and therefore
Remark 3.2. From (3.3) follows that (3.5) and (3.6) can be rewritten in the following way. First,
and second,
The proof of Lemma 3.1 is similar to the one used by Rodin in [30] for the case of quadrilaterals, where f is assumed to be sufficiently smooth. General results in this direction were obtained in the works of Andreian Cazacu (see [13] and the references to her earlier results therein.)
and (3.9)
Proof. We have
and
by the Comparison principle, see [1, 2] . Using (3.5), (3.6), and Cauchy-Schwarz inequality, Corollary 3.1 follows.
(3.9) is well-known if f is a K-qusiconformal mapping (see [26, 29] ), though the estimates are usually expressed in terms of the complex dilatation or partial derivatives. The upper estimate in (3.9) was proven for the general class of µ-homeomorphisms by a different method in [19] .
Let β be a fixed real number. In the next two corollaries we give a representation formula and an estimate for the module of a family of arcs of logarithmic spirals of inclination β and its image, defined in Section 2.
Corollary 3.2. We have
be an area preserving
(r 2 , r 1 )), (3.10) follows. 
After change of variables ζ = h β (z), using the identity 
(A(r 2 , r 1 )). By (3.6) of Lemma 3.1 and the Cauchy-Schwarz inequality r 1 ) ), (3.11) follows from (3.13). β. Then (3.14)
Proof.
. Using (3.5) and (3.11) we obtain (3.14).
(3.9) is a special case of (3.14) and the latter may provide, depending on the choice of β, more precise upper estimate for M (A f (r 2 , r 1 ) ).
Proof of the main results
In this section we prove Theorems 1.2-1.4 and derive equivalent results, Theorems 4.4-4.6. r 1 , θ 1 , θ 2 ) , and by M (Q f ) the module of the latter. Then
. Then
follow from (3.7) and (3.8) of Corollary 3.1. This yields
Considering separately the case when
and the case when M (Q f ) − m < 0 (and therefore M (Q f ) m < 1) from the above inequalities we obtain the desired estimates.
The proof of Lemma 4.2 is identical to the proof of Lemma 4.1. Take β = − tan α 0 . Since (1.4) is finite for α = α 0 , for any sufficiently small ε > 0 we can choose R = R(ε) such that for 0 < r 2 < r 1 < R,
From (3.11) of Corollary 3.3 follows that
Therefore, by Corollary 3.2, (2.3) holds. Theorem 1.3 follows from Theorem 2.2 and thus f is conformal at z = 0.
Proof of Theorem 1.4.
From the assumptions in Theorem 1.4 and by Theo- 
exists in the sense of principal value, then lim 
exists in the sense of principal value, then f is conformal at z = 0. (4.9) is finite for any α.
Proof. The proof follows from the properties of the Lebesgue integral and the elementary identity (ze
Theorem 4.8. Let arg z = θ. First, the limit
is finite for α = 0, π/2 if and only if (4.6) holds and
exists in the sense of principal value.
Second, the limit (4.10) is finite for α = 0, π/2 and α 0 ,
, k an integer, if and only if (4.6) holds and
Proof. The first sufficient and necessary part of Theorem 4.8 follows immediately from (3.4). Now we prove the necessity in the second part of the theorem. Since (4.10) is finite for α = 0, π/2 and α 0 , α 0 = k π 2 , k an integer, then (4.6) holds and
exists in the sense of principal value for
exists in the sense of principal value for any α, in particular α = π 4
, and this implies that (4.12) exists in the sense of principal value. The necessity follows. The sufficient part can be proven in a similar manner.
The above considerations yield that the following sufficient condition for conformality is equivalent to Theorem 4.5.
dA z |z| 2 exists in the sense of principal value.
Theorem 4.9. If (4.6) holds and (4.13) exists in the sense of principal value for
5. Some comments on the history of the study of conformality at a point In this section we give an account of previously known results on conformality at a point and how we extend these results. First we state the Teichmüller-WittichBelinskii theorem.
Theorem 5.1. [3, 32, 33] Let f be a quasiconformal mapping in U such that f (0) = 0. If
then f is conformal at 0.
Remark 5.2. (5.1) can be rewritten in the equivalent form
The proof of Theorem 5.1 was accomplished in several stages. First, in 1938, Teichmüller [32] showed that
under the assumption that f is a diffeomorphism and satisfies a condition slightly stronger than (5.1). In [32] he also obtained sufficient and necessary results on circle-like behavior involving modules of ring domains. Later, Wittich [33] showed that (5.3) holds for quasiconformal maps satisfying (5.1). This result is sometimes referred to as Teichmüller-Wittich theorem. In 1954 Belinskii [3] proved that for a general quasiconformal mapping f with real dilatation D f , (5.1) implies (5.3) and for an appropriate choice of the argument
as well, thus proving conformality at a point when (5.1) holds. Reich and Walczak [29] studied conformality at a point as well. Among other interesting results they showed the following theorem. Regularity conditions for K-quasiconformal mappings were also studied by Lehto [23, 25] .
Circle-like behavior and regularity properties were studied in 1988 by the author [6, 7] . An equivalent version of a generalization of the Teichmüller-Wittich theorem, from these works, in the notations of this paper is stated below.
then f is circle-like, i.e. (1.7) holds. In addition, there exists a constant A > 0 such that
where
As shown in [6, 7] , if (5.1) holds then there exist a constant A 0 such that Sufficient conditions for asymptotic rotation on circles for µ-homeomorphisms, were first obtained by the author and Jenkins in 1994 [9] .
Theorem 5.5. [9] . Assume that f is an a.e. regular µ-homeomorphism in U ,
then (5.3) holds and f is asymptotically a rotation on circles at z = 0.
A strip version of Theorem 5.1 that applies to a general class of µ-homeomorphisms is proven in [9] as Lemma 6.1. From that result follows the extension of the Teichmüller-Wittich-Belinskii Theorem to the class of µ-homeomorphisms, asserting conformality under the condition (5.8)
A recent breakthrough (2003) in relaxing the analytic conditions for conformality at a point, in the case of a K-quasiconformal mapping, was obtained in a paper of Gutlyanskii and Martio [18] . Remark 5.7.
[18] For each K-quasiconformal mapping f whose complex dilatation µ f satisfies (5.9) and does not satisfy (5.2) one can construct a K-quasiconformal mapping g such that |µ f | = |µ g | a.e. in U such that g satisfies (5.9) and (5.10) (and thus is conformal at the origin).
Using any of the existence theorems for the degenerate complex Beltrami equation in the planar case, e.g. [8, 11, 19, 20, 31] , and others, one can modify the proof of Remark 5.7 so that it holds for the general class of µ-homeomorphisms for which the existence theorems apply.
Note that Theorem 5.6 is the quasiconformal version of Theorem 4.5 (Theorem 1.3, respectively), since if f is K-quasiconformal, (4.6) and (4.8) are equivalent to (5.9) and (5.10), respectively. The quasiconformal counterpart of Theorem 4.4, and thus Theorem 1.2, implying (5.3), was also first proven in [18] . An "uniform" version of this result is given in [17] . Properties like asymptotic rotation on circles, which is stronger than weak conformality, (1.9), and the quasiconformal counterpart of Theorem 1.4 and Theorem 4.6, respectively, seem to have not been directly addressed in [18] .
Below we give a couple of examples of µ-homeomorphisms, conformal at the origin, such that lim sup 
